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Abstract

For many digital imaging systems, it is important to know
or model the absolute illumination levels for a scene, light
source, etc. Often this information is used to select sensors,
lenses, and light sources. Because the signal-to-noise ratio
of an acquired image is ultimately controlled by the
quantum nature of light, this exposure is best quantified in
terms of number of available quanta. Even if all the
electronic sources of noise have been reduced to
undetectable levels, the noise caused by “photon shot noise”
or quantum noise will remain.

This tutorial paper illustrates the calculation of the
number of photons per unit area falling on a photographic
sensor based on the ISO speed of the sensor. Camera design
parameters are chosen based on the above analysis. In
addition, it will be shown how the calculated exposure can
be compared with the number of actual detected photons,
thus indicating the limits of potential improvements.

Introduction

If the number of photons per second falling on unit area is
known then the photons falling on a pixel is given by the
equation below.

NP = kpps * A*T (1

T = exposure time, seconds

NP = number of photons

kpps = photons per second per unit area
A = pixel area

For photographic systems using the ISO standard for
photographic speed the exposure for the average scene
luminance is (10/ISO) lux seconds. The average scene
luminance is assumed equal to the luminance of an 18%
gray reflector.
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H = exposure in lux-seconds for an 18% gray
= (lumen/meter’) second
ISO = photographic speed based on the ISO standard

If the ISO speed for an image is specified then the
number of photons per unit area due to an 18% gray
(average scene luminance) can be determined. To determine
the signal-to-noise due to “photon shot noise” the number of
photons/pixel has to be determined. This can be calculated
from the number of photons per meter’, which leads to the
final question: how many photons are in a lux-second? A
lux second is a (lumen second)/meter’ a photometric unit
which somewhat complicates the calculation. A lumen is the
photometric counterpart of the radiometric watt. The
number of photons in a lumen-second will vary depending
on the spectral distribution of the light source. For sources
with a spectral distribution that can be described as a
blackbody radiator the number of photons per lumen-second
tends to vary a small amount with color temperature but the
distribution of the photons changes with a higher proportion
of red photons at lower color temperatures. For mono-
chrome, panchromatic materials 1.1 x 10" photons/(lumen-
sec) is a reasonable value from 2400 K to 6500 K color
temperature and a 400 to 700 nm bandwidth. For color
sensors, where each color channel has to be considered
separately the change in the proportion of red, green, and
blue photons is important to consider.

The number of photons in a lumen-second can be
calculated in a spreadsheet. Before dropping into the abyss
of photometric units, the calculation will be done in
radiometric units in Table 1. The calculation in the first row
is repeated in every row, so the first row calculation will be
used to illustrate the calculation in the remaining rows.
Column B is a measured spectral irradiance. At 340 nm
(column A) there are 8.09 x 10° watts per meter’ falling on
the surface per nanometer of bandwidth.

The energy in a photon at 340 nm is calculated” in
column C using E = hv. The equation has to be modified
because wavelength (A) is known rather than frequency (v).
The frequency in Hertz is the number of waves that occur in
the distance light travels in a second, just divide the speed
of light in a distance metric per second by the length of one
wave in the same units as shown in equation 4 to get the
frequency. To get the number of photons/(second meter’
nm) divide column B by column C. Watts/(meter’ nm) are
divided by watt-sec/photon to get photons/(second meter’
nm) in column D. These calculations are repeated in each
TOW.

E=h*v 3)
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E =energy in 1 photon in watt seconds (Joules)
h = Plank’s constant (6.62517x10™ Joule sec)
v = frequency in Hertz (seconds™)

¢ = speed of light (3x10° meters/second)

A = wavelength in meters

To calculate the total number of photons/ (sec meter’)
falling on the surface from 340 to 800 nm the number of
photons at the missing wavelengths (341 to 349 nm, 351 to
359 nm etc.) has to be calculated. Remember there are 10
nm from 340 to 350 nm but each row in column D only
indicates the number of photons in a 1 nm bandwidth. The
simplest thing to do is multiply the number of photons in
first row by 10, this will be close to the number of photons
in the “bin” from 340 to 350 nm. To some extent this will
cancel the unit “per nm” so the result will be photons/(sec
meter’) from 340 to 350 nm or more accurately photons/(sec
meter’l0 nm). To be more precise a trapezoidal rule or
Simpson’s rule can be used to “integrate” between values
but if the increments are small, the difference between the
simple multiplication and the more sophisticated methods
will be small. To simplify things a little further the
distributive rule of multiplication can be used. Just add the
values in column D and multiply the result by 10. This
result, the number of photons/(sec meter’), due to the source
spectral distribution in column B is shown at the bottom of
column D. The resulting units are photons/(sec meter”) from
340 to 800 nm.

To calculate the number of photons/second in a lumen
the power per cm’ of source per Jranometer emitted by a
blackbody radiator can be modeled™ with Eq. 6.

cl

c2
el*T -1 015

Py = ©)

P, = power in watts/(cm’ of source nm)
A = wavelength in nanometers

T = temperature in degrees Kelvin

cl =3.7405%10"

2 = 1.43879%10’

This equation is evaluated for a 5500 K source in
column B, Table 2. The purpose of this calculation is to get
data with the proper spectral distribution that can be scaled
to correspond to 1 lumen. Equation 7 is used to convert this
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spectral distribution to Jumens.” This equation is numeri-
cally integrated at the bottom of column D. Column C is the
eye visibility curve V[A]. Column D is the product of V[A]
and P[A]. The increment dA becomes a AA of 10 nm because
the power levels were calculated per nanometer but the
steps are 10 nm.

A2

F =683 % /lj V[A]* P[A]* dA @)
1

A = wavelength in nanometers
V[A] = eye visibility curve

P[A] = spectral power distribution
dA = wavelength bandwidth

The result of the numerical integration of this data is at
the bottom of column D. At 5500 K, a 1 ¢cm” source emits
462220 lumens. Column E is Column B multiplied by an
area of 1/462220 cm’. A source with this size and spectral
power will emit 1 lumen as confirmed by the numerical
integration at the bottom of column F. Column F repeats the
calculation in column D, (V[A] * P[A]) except column E, the
scaled data, is used for P[A].

At this point column E is a source spectral power
distribution with a color temperature of 5500 K that results
in 1 lumen. Column H is the calculation of the energy in a
photon at a given wavelength, column I is the power at each
wavelength (column E) divided by the number of watts-sec
in at photon at that wavelength. The result is the number of
photons in a 1nm bandwidth at each wavelength. At the
bottom of the page the integral of P[A]dA in photons/second
is calculated over the interval from 400 to 700 nm. There
are 1.12 x 10" photons per second produced by a 1-lumen
source over the interval from 400 to 700 nm or the units can
be taken to be 1.12 x 10" photons per (lumen-second). The
number of photons per lumen-second over the intervals
associated with arbitrary red, green, and blue bandwidths
are shown at the bottom of column I.

Once the number of photons/second are calculated as a
function of wavelength the result can be cascaded with the
filtration in the optical system including the color filter
array (CFA) on an electronic sensor or the spectral
sensitivity of each layer in a silver halide photographic
system. The quantum yield of the electronic system can also
be included in this calculation. This is actually a good place
to include the effect of quantum yield because the units are
already in photons. Applying the quantum yield to a spectral
distribution in watts is a common error. The units on
quantum yield are actually electrons/photon. The system
will have a quantum yield of 1 if the sensor produces 1
electron for every photon; real sensors have quantum yields
less than 1. If the quantum yield is applied to a spectral
distribution in watts it has to be converted to electrons/watt
using E = hv.

The sensor infra-red cut filter and the quantum yield are
in columns J and K. Columns M, N, and O are the red,
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green, and blue spectral transmission of the CFAs that are
placed over each pixel depending on the pixel color
channel. The IR cut and CFA filters are not typical of real
products, they are used to illustrate the calculation. The
numbers of photons/(sec nm) are cascade with the IR cut
filter, the quantum yield for the sensor, and one of the CFA
colors. The results are in columns P, Q, and R. These are the
number of photons/(sec nm) in each color channel for 1
lumen of illumination. Columns P, Q, and R are then
numerically integrated over the wavelength band from 340
to 800 nm and the result placed at the bottom of each
column. Notice there are substantially fewer photons/
(lumen-second) in each channel when the transmission of
the CFA, the IR cut, and the quantum yield are considered.

Once the number of photons/(lumen-second) (kpls) are
known for a given quantum yield and filtration the number
of photons/meter’ (ppm2) can be determined as shown in
Eq. 8. Multiply the number of photons per meter’ by the
area of a pixel in meters and the result is the number of
photons a pixel collects in an 18 percent gray area.

ppm2=H*kpls ®)

ppm?2 = photons/meter’
H = exposure in lux-seconds or

(lumens/meter’)-second
kpls = photons/(lumen-second)

For an ISO photographic speed rated system, insert the
equation for exposure due to an 18% gray (Eq. 2):

10
o kpls
ISO

ppm2 = ©)

kpls for the worked example is 1.13 x 10" photons/lumen-
second in the blue channel. 5

The number of photons per meter™ as a function of ISO
can be used to determine the best possible signal-to-noise
for a system that is signal-to-noise limited only by “photon
shot noise”. The signal-to-noise is the square root of the
average number of photons falling on a pixel :

S/N=ppm2*A

Substituting for A and ppm?2:

(10)

10 % kpls  pw>
IS0

S/N =
(1n

solving for pw:
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IS0 % (S I N)2
10 * kpls

pw 12)

For a design example, specify an ISO 100 system with
a signal-to-noise ?Zf 40 in the blue channel. For this channel,
kplsis 1.13 x 10" " photons/(Jlumen second). The calculated
pixel width (pw) is 12 microns. To have the resolut7ion of
the eye each pixel should subtend 1 minute of arc'. The
normal lens has an field angle of about 45 degrees so the
imager should be 2700 pixels wide and using a 35 mm still
frame aspect ratio the height should be 1800 pixels, these
values correspond to a 32 mm by 22 mm imager. The
normal lens has a focal length equal to the diagonal of the
format so the lens focal length should be about 39 mm.

Conclusion

The average number of photons collected by a pixel
determines the best possible signal-to-noise ratio that an
imager can produce. This data can be used to choose a pixel
size based on the desired signal-to-noise and ISO imager
speed. Once the pixel size is chosen, the remaining system
specifications can be calculated in a straightforward way.
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